Electrostatic gyrokinetic analyses are presented for an L-mode discharge with an internal transport barrier, from the spherical tokamak, MAST. Local and global microstability analysis finds similar linear growth rates for ion temperature gradient (ITG) driven modes. When the electron response is assumed to be adiabatic, growth rates are found to be lower than the experimental E × B flow shearing rate. Including kinetic electrons, without collisions, increases the ITG growth rates above the flow shearing rate, and these modes are found to be linearly unstable in the outer part of the plasma only. In global simulations the flow shear stabilisation is found to be asymmetric with respect the direction of the flow: there is a small destabilising effect at low flow shear when the flow is in the co-direction.
Introduction
The anomalous transport from ion scale microturbulence driven by ion temperature gradient (ITG) modes and trapped electron modes (TEM) in spherical tokamaks such as MAST and NSTX is thought to be suppressed by sheared E × B flow in most high confinement mode (H-mode) discharges leaving only the electron scale turbulence driven by the electron temperature gradient (ETG) modes [1, 2, 3] . However, in low confinement mode (L-mode) plasmas in NSTX [1] , and in L-mode plasmas with internal transport barriers in MAST [4, 5] , there are experimental indications that ion scale electrostatic turbulence may still play an important role in transport.
Gyrokinetic simulations have long been used to simulate the linear and non-linear physics of ITG modes [7] . Most studies have concentrated on large aspect ratio tokamaks where the ratio of ion gyroradius to plasma size (ρ * ) is small (for instance in the benchmark study by Dimits, ρ * = 1/160 [8] ). At low ρ * the local treatment of the turbulence is usually sufficient, since the turbulent eddy size created by microinstabilities generally scales with the Larmor radius of the particles driving the instabilities [9] . However, non-local effects on ion scale turbulence are likely to be important in devices where ρ i * is large. Firstly the equilibrium profiles vary across the radial extent of the turbulent eddies, and secondly turbulence spreading can become important [10, 11] . While the local gyrokinetic flux-tube approximation provides guidance on the linear microstability of ITG and TEM turbulence, in non-linear simulations of ITG turbulence at large ρ i * a global treatment of the plasma is required for a more quantitative description of the turbulent transport processes.
In the MAST spherical tokamak (ST), where the toroidal magnetic field at the plasma centre B ≈ 0.5 T and the ion temperature can exceed 1 keV in the core, the condition of large ρ * (≈ 1/50) is fulfilled. Other important differences with respect to large aspect ratio tokamaks, are that MAST has a large trapped particle fraction due to the strong variation of magnetic field inside the plasma, and the MAST core plasma, heated by neutral beams, can reach very high toroidal rotation velocities. This produces a steep flow shear gradient through the plasma. The sheared flow can have a stabilising effect on the microinstabilities [3, 4, 5, 6] .
In section 2 of this paper we will describe the MAST experimental equilibrium that is used in the gyrokinetic simulations. In section 3 we will present linear microstability results for ITG and TEM from local and global gyrokinetic codes. In section 4 we will show results of global non-linear simulations of ITG and TEM turbulence in MAST. Furthermore we show how the flow shear affects the turbulence.
Experimental plasma
The plasma studied is taken from the MAST L-mode discharge #22807 [5] at t = 0.25s, with the following global parameters: plasma current I p = 0.88 MA; toroidal magnetic field B T (at R = 1m)=0.41T; and NBI heating in the co-current direction Figure 1 . The ion temperature, toroidal rotation and q-profile and the plasma shape of the MAST discharge #22807 at 0.25s. The two measurements of ion temperature refer to the two independent neutral beams used by the CXRS system. The inboard side measurements are folded onto the outboard side in s < 0.3. The internal transport barrier (ITB) with steep ∇T i is in the region 0.3 < s < 0.5.
P N BI = 3.3MW. Fig.1 shows the ion temperature and toroidal flow profile from charge exchange recombination spectroscopy (CXRS), the q-profile from MSE-constrained equilibrium reconstruction and the plasma shape. The Mach number of the toroidal flow, M φ = v φ /v ti , where v φ is the flow velocity and v ti is the ion thermal velocity, is in the range 0.4 < M φ < 0.5 throughout the plasma. Steep gradients in ion temperature and toroidal rotation coincide at a transport barrier in the radial region 0.2 < s < 0.4 [5] , where s is the square root of the normalised poloidal flux. There is negative magnetic shear in the core region, s < 0.55. In the outer part of the plasma, both the ion temperature gradient and the toroidal flow shear are significantly smaller than in the core. The value of ρ i * at s=0.5 is 0.018. We will show later that this ρ i * is large enough for the global effects become important. The experimental ion heat flux is determined from power balance using the TRANSP code [12] . The ion neoclassical heat flux, and the contributions due to the time variation of the equilibrium profiles and ion heat sources including the collisional heat exchange between electrons and ions are subtracted from the total ion heat flux to leave as a residual the anomalous heat flux. Unfortunately, even though the input neutral beam power is well known and it is possible to calculate the heat deposition from the fast ions based on particle orbits and collisions, the heat source distribution inside the plasma has uncertainties associated with physics processes that redistribute the fast ions [5] . These processes are modelled in TRANSP by including anomalous fast-ion diffusion, and adjusting the diffusion coefficient to match the neutron rate. In this particular discharge, the anomalous ion heat flux was well determined without the need to assume anomalous diffusion of fast ions only for times before the second heating beam was turned on at t = 0.22s.
Local linear gyrokinetic simulations have demonstrated that in the plasma region just outside the transport barrier in this equilibrium, ITG/TEM modes at k y ρ i < 1 are not fully stabilised by the relatively weak sheared toroidal flow in this part of the plasma [5] . In this paper we perform global gyrokinetic simulations to model the possible impact of the surviving long wavelength modes on anomalous ion heat transport.
Linear Gyrokinetic Simulations
Before presenting non-linear turbulence simulations, we show results from linear plasma microstability calculations using two different electrostatic gyrokinetic codes: the local gyrokinetic flux-tube code GS2 [14] ; and the global code ORB5 [15, 16] . This comparison was to assess the importance of non-local effects. Simulations have been carried out with adiabatic electrons and with kinetic trapped electrons, both with and without sheared toroidal equilibrium flows.
Adiabatic Electrons
A global linear run of ORB5, is used to determine the most unstable part of the plasma, i.e. where the amplitude of the linear mode is largest. Further simulations using annular regions of plasma that exclude the most unstable part are used to determine if other regions are unstable. In simulations with adiabatic electrons we find the core is stable to ITG modes, even though the maximum of ∇T i /T i occurs in this region (s < 0.5). Magnetic shear,ŝ = (r/q)dq/dr, is reversed in the core, which can explain the good stability [23] . The most unstable region in this plasma lies between 0.6 < s < 0.8. Figure 2 compares dominant linear growth rate spectra from ORB5 and GS2 gyrokinetic simulations with adiabatic electrons for the MAST equilibrium surface at s = 0.73. Although there is some disagreement at long wave lengths, from the good agreement for the most unstable part of the spectrum we can see that the flux tube approach is sufficient for this linear analysis. One reason for the disagreement is that in the global simulation, the linear mode is free to peak in the most unstable radial location, while in the local simulation this radial location is fixed. Therefore, even though the spectra agree well when the radial width of the mode is narrow and the centre of the mode in a global simulation matches with the flux surface of the local simulation (short wavelengths), there is less agreement, when the centre of the global mode is no longer on exactly the same surface as the local one and the mode has larger radial extent (i.e. long wavelengths).
To gain further insight into the validity of the local simulations, we have varied ρ * in the ORB5 simulations. Figure 3 shows how the linear growth rate of the most unstable mode varies with the ρ * parameter. Global effects start to impact the linear growth rate just below the experimental value of ρ * of this MAST discharge (= 0.018). This agrees well with the result obtained by Lin for large aspect ratio tokamaks [18] and with previous ORB5 results for circular plasmas [19] .
The plasma flow can have a significant effect on the microturbulence, both on the linear growth of the modes and on the non-linear effects. A short description of the implementation of the MAST toroidal flow in ORB5 is given in Appendix A. A more thorough discussion of the implementation is given in [20] .
Applying a constant flow shear across the plasma and varying its amplitude, we find that the stabilising effect is slightly asymmetrical with respect to the direction of the flow shear (Fig. 4) . If the flow is in the co-current direction and the flow profile is monotonically decreasing from the core, a small sheared toroidal flow actually destabilises the ITG mode. If the gradient of the flow at the surface of interest is reversed (e.g. by reversing the flow everywhere, or alternatively by reversing the flow gradient locally), then any finite flow becomes stabilising. The physical explanation for the asymmetry is given in [21] : depending on the relative signs of the radial shear in the drift wave eigenfrequency and the radial shear in the toroidal rotation, a small flow shear either compensates for the mode tilting due to the diamagnetic shear to destabilise the mode, or enhances this tilting to stabilise the mode. Large flow shears always dominate the shear in the eigenfrequency and are always stabilising.
In order to fully stabilise the ITG modes we find that E × B shearing rate has to be much more than 2 times the growth rate of the mode. The most unstable modes are stabilised more effectively than those with long wave length making the spectrum almost flat at the experimental level of flow shear. It must be noted that all the growth rates at the experimental level of flow shear are very small < 0.01v T i /a. A possible reason for the weaker stabilisation at long wave lengths is the aspect ratio of radial to poloidal width of the mode. The fastest growing mode in a static case has more radially elongated mode structure than the longer wave length modes making them easier to stabilise by sheared flow. More discussion about this effect is found in [22] . Figure 5 shows how the growth rates, with and without the experimental flow, vary as a function of the assumed ion temperature gradient. Here instead of the experimental temperature profile we have used a parameterised temperature profile that has its peak gradient at s = 0.5 and have varied the gradient length (R/L T ). Without flow shear effects the plasma would be unstable to ITG modes even below the experimental ion temperature gradient, but Fig 5b shows the growth of the mode in the case of experimental gradients with flow, demonstrating that sheared flow makes the experimental plasma very close to marginal stability for ITG modes.
Kinetic Trapped Electrons
The trapping fraction is roughly proportional to the square root of the inverse aspect ratio, giving rise to more trapped particles in a spherical tokamak than in a large aspect ratio tokamak. While the passing electrons can be assumed to respond adiabatically to the perturbed electric field from low-k ⊥ modes, the kinetic trapped electrons can contribute to the ITG mode drive and can drive trapped electron modes [11, 17] . Figure 6 shows linear growth rates of the ion scale modes using a kinetic trapped electron model. These are higher than the adiabatic electron results given in Fig. 2 the absence of collisions, the global ORB5 result agrees reasonably well with the GS2 flux tube result. Including the collisions in GS2 reduces the growth rates, but they still exceed both the ITG growth rates with adiabatic electrons, and the experimental flow shear rate.
Including flow shear effects in simulations with kinetic trapped electrons, the growth rates stay well above the zero, unlike in the case with adiabatic electron response. Local GS2 simulations have also demonstrated that sheared flow does not fully suppress ion scale instabilities in the outer regions of this MAST plasma [5] . The kinetic treatment of electrons does not alter the asymmetry of growth rates with respect to the direction of the flow shear.
Global Non-linear Gyrokinetic Simulations
While the linear analysis can be used to study the stability of the plasma, only nonlinear simulations can be used to estimate the transport rate of energy and particles that the turbulence produces. ORB5 minimises the problem of noise by using a k filter to eliminate unphysical modes, and a relaxation operator to ensure that the marker weights stay bounded but taking care not to impact on the zonal flow dynamics [15, 24] . A heating operator is also used to keep temperature profiles from relaxing during the simulation. The heating operator does not try to simulate the experimental heating profile, but only pushes the perturbed profiles towards the initial equilibrium profiles [24] .
Adiabatic Electrons without Sheared Flow
The non-linear ORB5 simulations are done using 2 × 10 8 markers on a N s × N χ × N φ = 50 × 512 × 256 grid (where s is radial, χ is the in-flux-surface direction perpendicular to the magnetic field and φ is the toroidal angle).
Neglecting sheared toroidal flow and using the adiabatic electron response (i.e. neglecting the trapped electron drive), the turbulence moves from the linearly unstable region to the linearly stable region during the non-linear phase. This can be seen in Fig.  7 where the ion heat flux is plotted as a function of time and radius. The turbulence starts around s ≈ 0.7 (which was found to be the most linearly unstable region) , but then spreads inwards all the way to s ≈ 0.4. During the saturated phase the maximum amplitude of the heat flux is located between s = 0.4 and s = 0.7. As can be seen in Fig.  8 (b) , the ion temperature gradient changes very little during the simulation due to the heating operator. Therefore the spreading of turbulence is not due to the steepening of core profiles by the turbulence. The more likely explanation is the spreading of turbulent eddies from the linearly unstable outer region to the linearly stable core region.
The signal to noise ratio is defined in [16] as the ratio of the physical mode contribution to the charge density to that associated with unphysical modes that should be damped, i.e. whose amplitude is purely due to the noise. It stays above 20 through the simulation. For the grid convergence test, we did runs with twice the number of radial points. The fluxes and non-linear spectrum were unaffected, but the signal to noise ratio was halved.
When we compare the level of turbulent transport created by saturated ITG turbulence (assuming adiabatic electrons), we find that at experimental temperature profiles and even without considering any equilibrium flow shear stabilisation, the turbulent heat flux is very low, and below the neoclassical level calculated by NCLASS in TRANSP (Fig. 8) . Increasing the ion temperature gradient in the core region (s = 0.3−0.5) by 30% increases the heat flux well above the neoclassical level. Neglecting sheared toroidal flows it would seem that the plasma ion temperature profile is just below the non-linear threshold for ITG turbulence.
Kinetic Trapped Electrons wit and without Sheared Flow
In the non-linear ORB5 simulations with kinetic trapped electrons we assume m e /m i = 0.005 instead of the physical value of 0.0011 for deuterium plasma. This approximation saves computing resources. In a linear study we found that the growth rates are not sensitive to the ratio m e /m i . The change in the linear growth rate is less than 10% when m e /m i is varied by 3 orders of magnitude from the physical value.
As shown in section 3, the linear growth rate becomes much larger when the trapped electrons are treated kinetically ‡. The kinetic treatment also leads to significantly higher ion heat flux in a non-linear simulation. Using the experimental profiles and neglecting sheared flow, the modelled ion heat flux is well above both the neoclassical ion heat flux and the experimental level of anomalous ion heat flux calculated by TRANSP (Fig.  9) . As in the adiabatic electron case, the turbulence spreads from the linearly unstable region (which in this case is even further from the core than in the ITG simulation) towards the core, and the maximum heat flux during the saturated turbulence is in the linearly stable region where the magnetic shear is negative (Fig. 10) .
Including sheared flow, the turbulent heat flux remains well above both the neoclassical level and the anomalous level calculated by TRANSP in the outer region (s > 0.5). However, the sheared flow was found to reduce the spreading of turbulence into the strong flow shear region (s < 0.45). It is also interesting to note that while there is an asymmetry in linear growth rates with respect to the direction of the flow, the non-linear heat flux shows only a weak asymmetry. In both cases, the turbulence spreads inwards up to the location with strong flow shear.
During the non-linear phase of a simulation without flow shear the energy spectrum shifts towards long wave length modes from the linearly most unstable modes. As shown in Fig. 11 most of the energy in the non-linear phase is in the modes with k θ ρ i ≈ 0.2, well below the peak in the linear growth rate spectrum (k θ ρ i ≈ 0.65). When the flow shear effects are taken into account, the non-linear shift in the energy spectrum is more modest. Even though linearly the long wave length modes were affected less by the flow shear than the fastest growing modes, non-linearly the flow shear seems to reduce the reverse cascade of energy into long wave length modes that is seen in the spectrum of the simulation without flow shear.
The increased size of the turbulent eddies in the non-linear phase can also be seen in Fig. 10 where the perturbed potential is plotted in a poloidal cross section of the plasma during the linear and non-linear phase.
Since the spectrum changes during the non-linear phase from the linear phase, the turbulence spreading can not be quantified just by comparing the radial width and position of the most unstable linear mode to the non-linear phase. In Fig. 12 we compare the radial localisation of the non-linear turbulence to two linear analyses. The first is done for the most unstable mode in the linear phase (k θ ρ i = 0.65), the second to the mode that is found to have most energy during the non-linear phase (k θ ρ i = 0.2). The difference between the two linear analyses can be interpreted as the widening effect due to change in the turbulence spectrum in the non-linear phase. As can be seen, the mode affected region broadens slightly due to the change in the spectrum, but this effect is relatively small compared with the non-linear turbulence extension into the core during the non-linear phase.
Since it is difficult to map out linearly stable regions using a global code, we have also performed linear local gyrokinetic runs in the negative shear region using GS2 with kinetic electrons at s = 0.36 and s = 0.50 (shown as vertical lines on Fig. 12 ). The GS2 runs found no unstable ion scale modes. This indicates that the region that is affected by the turbulence during the nonlinear phase, extends deep into the core region and that this is neither due to the change in the spectrum nor to linearly unstable modes in the core becoming dominant during the non-linear phase. Instead, linearly stable regions become affected by turbulence that was generated in the linearly unstable region. This turbulence broadening effect is observed in our global simulations with sheared flow. Even then the turbulence spreads towards the core, but in that case the spreading is limited by the steep flow gradient in the core (s < 0.45).
Conclusions
Gyrokinetic modelling of ion scale turbulence in MAST L-mode plasma, with ρ * = 0.018, shows clear non-local behaviour. While the linear growth rate spectrum agrees well with the local flux tube analysis, the non-linearly saturated state of the turbulence can be modelled most reliably in global simulations. In global gyrokinetic simulations where sheared toroidal equilibrium flows are neglected, we find non-linear spreading of turbulence from the linearly unstable outer region of the MAST plasma into the linearly stable core. In the saturated non-linear turbulent phase the maximum heat flux is in the linearly stable core region.
At low γ E , flow shear has an asymmetric effect on linear ITG stability with respect to the direction of the sheared toroidal flow. Monotonically decreasing flow in the co-direction is destabilising at low flow shear, but stabilising at high flow shear. Monotonically decreasing counter-flow is found to be stabilising for all flow shearing rates. At the experimental level of flow shear, the MAST plasma is close to the linear stability boundary for ITG modes when electrons are treated adiabatically. Adding kinetic trapped electrons in the simulations increases the growth rates and results in unstable modes even when experimental flow shear is taken into account. Additionally the flow shear shifts the peak of the linear growth rate spectrum towards long wave length modes by having a stronger stabilising effect on short wave length modes. In nonlinear simulations with flow shear effects taken into account we still find the turbulence spreading into the linearly stable region, but due to the strong experimental flow shear in the core region it does not expand as deep into the core as in the static case.
The level of turbulent heat flux from ion scale turbulence in this MAST plasma is sensitive to the electron response and the inclusion of sheared toroidal equilibrium flow. Global gyrokinetic calculations have been performed using ORB5, including kinetic trapped electron physics which drives turbulence, and sheared flow which is generally stabilising. Such simulations predict a level of ion heat flux that significantly exceeds ion neoclassical heat flux in the outer region of this MAST plasma. In the future we look forward to comparing Beam Emission Spectroscopy measurements of ion scale turbulence in MAST with simulations [25] . reflect those of the European Commission. The computations were done using HECToR (grant number EP/H002081/1) and HPC-FF supercomputers. where m, q, T and n 0 are the mass, charge, temperature and density, ǫ = mv 2 /2+qφ 0 (ψ) is the energy, ψ is the poloidal magnetic flux, ψ c = mv || RB ζ /qB is the canonical momentum and ψ * is the modified canonical momentum that is used to vary the flow from pure toroidal to pure poloidal flow [20] . The electric potential φ 0 is calculated by integrating the radial electric field set by
where p is the pressure, v is the velocity of the plasma and B is the magnetic field. The toroidal flow velocity v φ on the outboard side of the plasma is obtained from the charge exchange diagnostic and the poloidal magnetic field B θ from the equilibrium reconstruction. Here we consider only toroidal flows, since flow shear can only compete with growth rates if flows are sonic, and therefore toroidal. Choosing canonical momentum ψ * = ψ c , gives almost pure toroidal flow because the poloidal flow from E 0 × B cancels the poloidal component of the parallel flow. Since we consider small background flows v f low /v th ≪ 1, we can use normal gyrokinetic equations of motion with E 0 + < E 1 > replacing the usual terms with < E 1 >. More details of the procedure can be found [20] .
